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a
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Abstract
Here we present a study of statistical correlations among different positions in DNA sequences and their implications by directly using the
autocorrelation function. Such an analysis is possible now because of the availability of large sequences or even complete genomes of many
organisms. After describing the way in which the autocorrelation function can be applied to DNA-sequence analysis, we show that longrange correlations, implying scale independence, appear in several bacterial genomes as well as in long human chromosome contigs. The
source for such correlations in bacteria, which may extend up to 60 kb in Bacillus subtilis, may be related to massive lateral transfer of
compositionally biased genes from other genomes. In the human genome, correlations extend for more than five decades and may be related
to the evolution of the ’neogenome’, a modern evolutionary acquisition composed by GC-rich isochores displaying long-range correlations
and scale invariance. q 2002 Elsevier Science B.V. All rights reserved.
Keywords: DNA sequence analysis; Statistical correlation; Autocorrelation function; Long range correlation

1. Introduction
The autocorrelation function has been widely used in
Physics and Signal Theory as a measure of linear
dependence and periodicity. The application of this measure
to DNA-sequence analysis, although used previously,
became ‘popular’ in 1992 with the finding of power-law
correlations in DNA sequences implying the presence of a
high complexity and scale invariance in the heterogeneity of
those sequences (i.e. fractal properties: Peng et al., 1992; Li
and Kaneko, 1992; Voss, 1992). Since then, a great
controversy over the biological implications of this finding
has arisen, even questioning the existence of the correlations
themselves (Borštnik et al., 1993; Buldyrev et al., 1993b;
Karlin and Brendel, 1993; Voss, 1993). The lack of long
enough sequences in those days led to the use of indirect
methods of estimating the correlations and, frequently, each
method studied the problem from a different viewpoint,
leading to results not comparable to each other, being this
fact a plausible source of the above-mentioned controversy.
Now, however, the availability of large sequences or even
complete genomes of many organisms makes the direct

calculation of the autocorrelation functions possible. Therefore, the existence of scale-independent correlations in
DNA sequences can be directly tested, a possibility which
may have profound implications for understanding genome
organization and evolution.
The present work is organized as follows. In Section 2.1
we define the autocorrelation function, Cð‘Þ, describe the
way in which it can be applied to DNA analysis, comment
the effects on Cð‘Þ of the finite size of the analysed sequence
and briefly describe other indirect methods to calculate the
autocorrelations. In Section 2.2 we show several examples
of Cð‘Þ plots for computer-generated sequences having
different kinds of heterogeneity. The DNA sequences used
are summarized in Section 2.3. In Section 3 we present and
discuss the results of the analysis of prokaryotic complete
genomes (Section 3.1) and the longest human contigs
available in July 2001 (Section 3.2). Finally, Section 4
concludes the paper.

2. Data and methods
2.1. The autocorrelation function
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Given the numerical sequence S ¼ {x1 ; x2 ; …; xN } with
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Table 1
Mapping rules used to convert DNA sequences into binary numerical
sequences
Rule

Assignment

SW
RY
KM
A
T
C
G

C or G ¼ 1
A or G ¼ 1
G or T ¼ 1
A¼1
T¼1
C¼1
G¼1

A or T ¼ 0
C or T ¼ 0
A or C ¼ 0
T, C or G ¼ 0
A, C or G ¼ 0
A, T or G ¼ 0
A, T or C ¼ 0

variance
N
1 X
s ¼
x2 2
N i¼1 i
2

N
1 X
x
N i¼1 i

!2
ð1Þ

the autocorrelation of S at distance ‘ is defined by:
Cð‘Þ ¼
"
£

1
s2

N2
X‘
X‘ N2
X‘
1 N2
1
xi xiþ‘ 2
x
xiþ‘
i
N 2 ‘ i¼1
ðN 2 ‘Þ2 i¼1 i¼1

#

ð2Þ

Basically, the autocorrelation
measures the

  function

deviation of xi xiþ‘ from xi xiþ‘ (where the brackets
denote the average along the sequence). If this deviation is
zero, there are no linear correlations between the values of the
sequence at position i (xi) and the values at distance ‘ ðxiþ ‘Þ.
The greater this deviation the stronger the linear correlations
between values separated a distance ‘. Cð‘Þ . 0 means that
the probability that xi and xiþ ‘ reach the same or similar
values is higher than in a random sequence whereas for
Cð‘Þ , 0 this probability is smaller than that expected in a
random sequence (anti-correlations). Note that, by definition,
Cð‘ ¼ 0Þ ; 1 and thus carries no information about the
correlations in the sequence.
The definition of Cð‘Þ (Eq. (2)) makes the implicit
assumption of stationarity since it includes the variance of
the whole sequence (Eq. (1)). Nevertheless, as we will show
in Section 2.2, we can compute Cð‘Þ for non-stationary
sequences and extract from it relevant information about the
heterogeneities present in the sequence. This is the reason
why we do not use several well-known results on
autocorrelation which are valid only under the assumption
of stationarity of the sequence analysed, e.g. the relationship
between Cð‘Þ and the power spectrum, Wiener –Khinchin
theorem.
It is important to note that Cð‘Þ measures only linear
correlations. To take into account non-linear correlations,
we would need to include higher-order terms in Eq. (2), i.e.
products in which higher powers of xi and xiþ ‘ appear. For
this reason Cð‘Þ is sometimes called second-order autocorrelation function (Herzel and Grosse, 1995; Teitelman
and Eeckman, 1996). Nevertheless, previous studies
(Arneodo et al., 1995; Yu et al., 2001a) seem to indicate

that correlations in DNA are essentially linear and thus Cð‘Þ
turns out to be an appropriate tool for DNA analysis.
As follows directly from its definition (Eq. (2)), the
autocorrelation function can be applied only to a numerical
sequence. Thus, to calculate the autocorrelation function of
a DNA sequence, the symbols (A,T,C,G) have to be
converted into numerical quantities. At this point, a caveat
should be mentioned: if we simply assign a numerical value
to each nucleotide the resulting correlations will depend on
the particular assignment, i.e. the mapping itself can cause
spurious results. It can be proven directly from Eq. (2) that
this problem does not appear when the sequence is binary,
that is, the autocorrelation function is the same for all
possible numerical assignments1 Thus, this problem can be
overcome by converting the DNA sequence into a binary
sequence, grouping the four nucleotides into two groups and
assigning 1 to one group and 0 to the other. There are seven
possible groupings, usually called mapping rules (Buldyrev
et al., 1995), as shown in Table 1. In addition, we can define
the cross-correlations by making a different numerical
assignment to xi and xiþ ‘, e.g. xi ¼ 1 when an A is found at
position i and 0 for anything else and xiþ ‘ ¼ 1 when a T is
found at position i þ ‘ and 0 for anything else. Such an
autocorrelation function would measure the statistical
properties of the pairs (A,T) separated by a distance ‘. All
combinations of these mapping rules and cross-correlations
are also possible but only nine of these autocorrelation
functions are independent while the rest can be expressed as
linear combinations of them (Herzel and Grosse, 1995;
Teitelman and Eeckman, 1996).
In principle, the results obtained with each of these
mapping rules are independent of each other because they
refer to different aspects of the DNA chain, all of them
containing relevant information. For example, the RY rule
describes how purines and pyrimidines are distributed along
the sequence whereas the A-rule deals with the distribution
of nucleotide A along the sequence. In previous works on
statistical correlations in DNA, the rules mainly used were
the RY rule (Arneodo et al., 1995; Bernaola-Galván et al.,
1996; Buldyrev et al., 1993a, 1995; Mohanty and Narayana
Rao, 2000; Peng et al., 1992, 1994) as well as the singleletter rules (A,T,C and G rules in Table 1) (Voss, 1992,
1994; Audit et al., 2001; de Sousa Vieira, 1999) but also the
SW rule (Arneodo et al., 1998). Also, the average of the four
correlation functions obtained with the four single-letter
rules (Li and Kaneko, 1992; Li et al., 1994, 1998) were used.
The SW mapping rule is particularly appropriate to analyse
genome-wide correlations; this rule corresponds to the most
fundamental partitioning of the four bases into their natural
pairs in the double helix (G þ C, A þ T). The composition
1

Another definition of the autocorrelation function without the
subtracting term has been used to analyse DNA sequences (de Sousa
Vieira, 1999). For such definition, spurious results can appear in the
autocorrelation function even for binary sequences since Cð‘Þ depends on
the particular numerical assignment.
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of base pairs, or GC level, is thus a strand-independent
property of a DNA molecule and is related to important
physico-chemical properties of the chain such as the
transport of electrons (Dandliker et al., 1997; Carpena
et al., 2002b) or mechanical waves (Rief et al., 1999) along
the sequence. One of its best-known correlates is resistance
to denaturation at high temperatures.
Li and Kaneko (1992) proposed the use of the mutual
information to measure the correlations in DNA sequences.
This function is a direct measure of all correlations (not only
linear) and is especially suitable for analysing of symbolic
sequences (Herzel and Grosse, 1995, 1997; Li, 1990). In a
first-order approximation, taking into account that correlations in DNA are essentially linear, it can be shown that
mutual information is a linear combination of the squares of
autocorrelation and cross-correlation functions. The only
drawback of this measure would appear in the study of the
individual contribution of each mapping rule to the
correlations in the sequence. This is the issue we address
here.
One of the main drawbacks of Cð‘Þ is the need of long
sequences to ensure good results free from statistical
fluctuations. The error in the determination Cð‘Þ, due to
statistical fluctuations, can be easily estimated to be (Weiss
and Herzel, 1998):
1
DC ¼ pﬃﬃﬃ
N

ð3Þ

where N is the size of the sequence analysed. Thus, the
shorter the sequence, the larger the fluctuations of Cð‘Þ.
This is a serious disadvantage, especially when the
correlations we seek to measure are weak. Note that DC is
a threshold below which the correlations can be considered
to be due to statistical fluctuations.
In 1992, when the first results on long-range fractal
correlations were presented, the longest available DNA
sequences were around 100 kb in length, making it difficult
to draw clear plots of Cð‘Þ vs. ‘ for long distances. This fact
motivated the use of indirect measures of Cð‘Þ. These
include the analysis of variance of base composition2 (Peng
et al., 1992), power-spectrum analysis (Li and Kaneko,
1992; Voss, 1992) and wavelet analysis (Arneodo et al.,
1995, 1998; Audit et al., 2001).
In short, the variance of base composition can be
analysed as follows: first, consider a window of length ‘
located at the beginning of the sequence and compute the
sum of the sequence inside the window, s1. Then, move the
window one position (overlapping windows) or ‘ positions
(non-overlapping windows), and compute s2, and so on.
Finally, calculate the variance of these numbers {si }; s2 ð‘Þ
and repeat the procedure for each window length, ‘. If the
sequence is stationary (or loosely speaking, homogeneous,
2

Here, the term analysis of variance of base compositon does not refer to
ANOVA but to a different analysis used in Solid State Physics, also known
as s2 analysis.
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Clay, 2001), we can obtain Cð‘Þ from s2 ð‘Þ. This
requirement raised the main objections to the results
obtained with this method (Karlin and Brendel, 1993). In
1994, an improvement to the s2 ð‘Þ method was introduced
to eliminate the effect of the heterogeneity of the sequence
analysed: the Detrended Fluctuation Analysis (DFA) (Peng
et al., 1994). Although DFA considerably improves the
results obtained with s2 ð‘Þ, a recent study shows that the
DFA can still be affected by the trends present in the
sequence (Hu et al., 2001). Here it is worth mentioning that
most of the criticisms against Peng and co-workers’ results
predate the DFA (Borštnik et al., 1993; Buldyrev et al.,
1993b; Karlin and Brendel, 1993; Voss, 1993).
The power spectrum gives another indirect way of
computing the autocorrelation function but, again, the
sequence analysed has to be stationary (Wiener –Khinchin
theorem). This drawback is solved by wavelet analysis,
which can be considered as a ‘local Fourier transform’ and
is able to eliminate the effects of the non-stationarity of the
sequence.
On the contrary, the direct measure of Cð‘Þ using Eq. (2)
requires neither homogeneity of the sequence nor an
additional procedure or improvement to eliminate the
heterogeneity of the sequence. In addition, several authors
have proposed that the complex organization of such
heterogeneity is responsible for the fractal correlations
observed in human DNA (Bernaola-Galván et al., 1996;
Buldyrev et al., 1993a; Li, 1997; Román-Roldán et al.,
1998). Therefore it is not clear whether the elimination of
the heterogeneity is a good strategy.
2.2. Examples
In this section we show several examples of Cð‘Þ plots
for computer-generated sequences with different kinds of
heterogeneity which will be useful in interpreting the results
found for real DNA sequences.
2.2.1. Random homogeneous sequence
Let us consider a sequence obtained by randomly
generating 1’s (with probability p ) and 0’s (with probability
1 2 p). In such a sequence the value at position i (xi) is
independent of the value at position i þ ‘ (xi þ ‘) for all
‘
 in the limit of a sequence of infinite length
 $ 1. Thus
xi xiþ‘ ¼ xi xiþ‘ and the correlation function will vanish
for all ‘ $ 1. For a sequence of finite length, N, Cð‘Þ will
not exactly vanish but oscillate around 0,
pﬃﬃthe
ﬃ amplitude of
this oscillation being of the order of 1= N (Eq. (3)). This
result is also applicable to a sequence with random
heterogeneities having sizes smaller than a given size ‘*.
For such a sequence Cð‘Þ behaves as the autocorrelation
function of a random sequence i.e. Cð‘Þ ¼ 0 ^ OðDCÞ,
when ‘ . ‘* The case of a sequence with a periodic pattern
of heterogeneity is discussed in the next paragraph.
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2.2.2. Patchy sequence
Now, let us consider a sequence built by alternating two
types of subsequences, S1 and S2, both of length ‘0 and let p1
and p2 be the relative proportions of 1’s in S1 and S2,
respectively. It can be shown (Bernaola-Galván et al., in
preparation) that the autocorrelation function is given by:
Cð‘Þ ¼

ðp1 2 p2 Þ2
2‘
12
‘0
2ðp1 þ p2 Þ 2 ðp1 þ p2 Þ2

# ‘0

for 1 # ‘
ð4Þ

Thus, Cð‘Þ is a straight line with negative slope which
intercepts the x-axis at ‘ ¼ ‘0/2 (Fig. 1a).
In a double-logarithmic plot Cð‘Þ shows an almost flat
plateau with a sharp bend around ‘ ¼ ‘0/2. The height of
the plateau is given by (Fig. 1b):
CPlateau

ðp1 2 p2 Þ2
¼
2ðp1 þ p2 Þ 2 ðp1 þ p2 Þ2

ð5Þ

Although a perfect alternating sequence such as the one
described here is not likely to occur in a natural DNA
sequence, a sequence with an almost alternating structure
and a distribution of differences in composition centred at
p1 2 p2 will give a profile similar to that shown in Fig. 1.

2.2.3. Distribution of patches with a characteristic length
If, instead of having a sequence composed of patches of
the same size, we have different sizes but following a
distribution with a characteristic length ‘0 (Gaussian,
exponential, Poisson, etc.), the shape of Cð‘Þ is quite
similar to the one shown in Fig. 1, although not exactly the
same. In general, the wider the distribution of sizes the
slower the decrease of Cð‘Þ (i.e. the bend becomes
smoother). In particular, for a sequence of alternating
patches with a distribution of sizes following an exponential
distribution with mean ‘0:
pð‘Þ ¼

1
‘0

‘

e

2‘

0

ð6Þ

Cð‘Þ is also an exponential function with characteristic
length ‘0/2:
Cð‘Þ ¼ C0 e

2‘
2‘
0

ð7Þ

where C0 is a constant depending on the strength of the
correlations at short scale and, for this model, C0 is also
given by Eq. (5). An example of such an autocorrelation
function is shown in Fig. 2. The shape of the autocorrelation
function in double logarithmic scale is quite similar to the
one corresponding to the patchy sequence, although in the
former case the decrease is much more abrupt. In many
cases, the only way to distinguish between the two types of
behaviour is to examine the linear – linear plot.
2.2.4. Power-law distribution of patches
The first three examples of this section have something in
common: in both cases there exists a finite length, ‘0,
related to the size of the building block or the characteristic
length of the distribution of patches. Now, however, let us
consider a distribution of lengths following a power law, i.e.
the probability of finding a patch with length ‘ is given by
pð‘Þ /

1
‘m

ð8Þ

This distribution is scale-invariant; this means that the
heterogeneities of the sequences appear at all scales and are
also statistically self-similar.3 It can be shown (Buldyrev
et al., 1993a) that such a distribution of patches results in an
autocorrelation function which is also a power law:
Cð‘Þ ¼

Fig. 1. Autocorrelation function vs. ‘ for an artificial sequence obtained by
alternating two types of sequences S1 and S2 both of length ‘0 ¼ 10; 000 bp
and proportions of 1’s p1 ¼ 0:5 and p2 ¼ 0:65, respectively; (a) linear
scale; (b) double-logarithmic scale. According to Eq. (5),
CPlateau ¼ 2:31 £ 1022 .

C0
‘g

ð9Þ

where, again, C0 is a constant which depends on the strength
of the correlations at short scales. A derivation of the
relationship between the exponents m and g can be found in
Buldyrev et al., 1993a. Due to the fact that Eq. (9) decays
slower than does an exponential function (Fig. 3), powerlaw correlations are usually called long-range correlations,
meaning that the range in which Cð‘Þ is substantially larger
3
To be precise, the distribution of patches is statistically self-similar only
if m ¼ 1. If m – 1 the distribution is said to be statistically self-affine.
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deletions and/or substitutions which may lead to power-law
correlations (Buldyrev et al., 1993c; Li, 1989, 1991).
2.3. Analysed DNA sequences
We analysed sequences of prokaryotic complete genomes retrieved from the EBI website: http://www.ebi.ac.uk/
cgi?bin/genomes/genomes.cgi?genomes ¼ Bacteria. The
longest contigs of human chromosomes were retrieved
from the July 2001 freeze of the publicly available humangenome draft sequence: ftp://ncbi.nlm.nih.gov/genomes/H
sapiens

3. Results and discussion
3.1. Prokaryotic genomes
A common feature, found in all the bacterial and
archaebacterial genomes analysed, is the presence of two
branches in the autocorrelation function (Fig. 4). On one
hand, we observe that, for distances which are multiples of 3
and below a critical length ‘* < 1000 – 2000 bp, Cð‘Þ

Fig. 2. Autocorrelation function vs. ‘ for an artificial sequence obtained by
alternating two types of sequences, S1 and S2, with proportions of 1’s
p1 ¼ 0:5 and p2 ¼ 0:65, respectively, and sizes randomly drawn from an
exponential distribution
1 2 ‘‘
pð‘Þ ¼
e 0
‘0

(mean value ‘0 ¼ 1000). The solid line is the fit of Cð‘Þ to
Cð‘Þ ¼ C0 e

2‘
2‘
0

with C0 ¼ 2:33 £ 1022 , very close to the prediction of Eq. (5); (a) linear
scale; (b) double-logarithmic scale.

than 0 is very broad. Nevertheless, this term is not
completely accurate because an exponential function with
large enough ‘0 also produces long-range correlations. At
this point, it is worth mentioning that such exponential
correlations can be wrongly interpreted as power-law
correlations when the range over which correlations are
observed is not large enough.
The length distributions shown in the first three examples
of this section can be produced by very simple mechanisms:
repetition of a given pattern, short-range memory (as in a
Markov Chain), etc. On the other hand, the presence of
power-law correlations or size distributions are usually
related to complex interactions in which many effects
contribute to the final result. For example, random
mechanisms can lead to a power-law distribution, but
these mechanisms must act at all scales and in a complex
way (Hausdorff and Peng, 1996). Nevertheless, there are
several examples of simple procedures based on mutations,

Fig. 3. Autocorrelation function vs. ‘ for an artificial sequence obtained by
alternating two types of sequences, S1 and S2, with proportions of 1’s
p1 ¼ 0:5 and p2 ¼ 0:65, respectively, and sizes obtained randomly from an
power-law distribution pð‘Þ / ‘2m (Generalized Levy-walk model,
Buldyrev et al., 1993a). The solid line is the fit of Cð‘Þ to C0 ‘2g with
g ¼ 0:22; (a) linear scale; (b) double-logarithmic scale.
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Fig. 4. Autocorrelation function vs. ‘ using the SW mapping rule for the
complete genome of Mycobacterium tuberculosis (4,411,529 bp). Full
squares correspond to distances which are multiples of 3, and open circles
to the rest of distances. (a) Log-linear scale. The upper dotted line
corresponds to the correlations due to the non-uniform distribution of base
composition at the three codon positions at distances which are multiples of
3, the lower one at distances which are not multiples of 3. (b) Log-log scale.
The dotted line is again the value of the correlations due to the non-uniform
distribution of base composition at the three codon positions for distances
which are multiples of 3. The thick solid line corresponds to the fit of Cð‘Þ
for distances which are multiples of 3 to an exponential decay (Eq. (7)). The
value of the statistical fluctuations, DC, is marked by the dashed line at
bottom. Below this value, the correlations can be considered to be due to
statistical fluctuations.

reaches high values whereas for ‘ . ‘*, a fast decrease of
Cð‘Þ is observed. On the other hand, for distances which are
not multiples of 3, we find anticorrelations ðCð‘Þ , 0Þ or
very weak correlations. For lengths larger than ‘*, both
branches collapse on top of each other. This effect,
previously observed using other direct measures of
correlation (Herzel and Grosse, 1997),4 can be explained
by the well-known non-uniform distribution of base
composition at the codon positions inside coding regions.
This effect causes the concentration of each nucleotide to be
different in all three positions of the reading frame. To
obtain a first estimate of the effect of this position
asymmetry in the correlation function, let us consider a
DNA coding region as the concatenation of randomly
chosen codons (Herzel and Grosse, 1997), using the
4
Here it bears mentioning that these branches in the autocorrelation
function cannot be detected with indirect measures of correlation because,
implicit or explicitly, they make an integration which smoothes out the
alternating behaviour of Cð‘Þ.

empirically observed frequency of bases at the three
codon positions. For such an artificial sequence, for all
distances which are multiples of 3 the autocorrelation
function is almost constant, Cð‘Þ < C3 , and is also almost
constant for all distances which are not multiples of 3,
Cð‘Þ < C1;2 with C3 – C1;2 . In Fig. 4, the dotted lines
represent the values of C3 and C1,2 obtained generating an
artificial sequence of random codons using the probability
of bases at the three codon positions of Mycobacterium
tuberculosis (Table 2). Almost all correlations at short
scales can be explained by this different base frequency at
each codon position; nevertheless, there is not a perfect fit,
this means that there are correlations at short scales that
cannot be explained by this effect. The fact that for distances
greater than ‘* < 1000 – 2000 both curves decay to zero is
a consequence of the finite size of the coding regions: in our
simple model we consider a concatenation of codons all in
the same phase, but, in a real sequence, the presence of noncoding regions may cause the successive coding regions to
be out of phase. Here, we can consider the sequence to be a
concatenation of patches (coding plus non-coding). As the
distribution of sizes of these patches follow an exponentiallike distribution we might expect that the decay of Cð‘Þ
could be fitted by an exponential function. In Fig. 4b we
show the fit of Cð‘Þ to an exponential decay for distances
that are multiples of 3 and obtain a characteristic length
‘0 =2 ¼ 639 bp, which gives a mean patch size of ‘0 ¼ 1278
bp, in agreement with the mean value of the sizes of coding
regions plus the size of its adjacent non-coding region (1192
bp). The results obtained with the RY mapping rule are quite
similar.
In this example (M. tuberculosis ), beyond ‘* the
correlations practically vanish (in Fig. 4b, Cð‘Þ reaches
the noise level around ‘ ¼ 6000 bp). This means that almost
all the correlations present in this genome are due only to the
different base frequency at the three codon positions. Also,
the fact that above ‘*, Cð‘Þ is practically zero means that
above the characteristic size of the genes, the sequence is
homogeneous, in agreement with the commonly accepted
idea that bacterial genomes are homogeneous (Rolfe and
Meselson, 1959; Sueoka, 1959). However, as we show in
Fig. 5 for Bacillus subtilis, this behaviour is not common to
all bacteria analysed. In this case, we again observe two
branches in the autocorrelation function which collapse on
top of each other around 1000 –2000 bp, but now Cð‘Þ
significantly differs from zero for lengths of up to 60,000 bp,
indicating the presence of heterogeneities up to this size.
Table 2
Probabilities of finding each nucleotide in the three codon positions for the
complete genome of Mycobacterium tuberculosis
Codon position

A

T

C

G

1
2
3

0.18807
0.22508
0.09149

0.13256
0.27418
0.11318

0.25864
0.28695
0.42255

0.42072
0.21379
0.37278
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Fig. 5. Autocorrelation function vs. ‘ using the SW mapping rule for the
complete genome of Bacillus subtilis (4,214,814 bp). Full squares
correspond to distances which are multiples of 3, open circles the rest of
distances, and open triangles the average between multiples and nonmultiples of 3. (a) Log-linear scale. (b) Log-log scale. The thick solid line
corresponds to the fit of Cð‘Þ for distances which are multiples of 3 to an
exponential decay (Eq. (7)) and the thin solid line to the fit of the average
(over multiples and non-multiples of 3) to a power law. The value of the
statistical fluctuations, DC, is marked with a dotted line. Below this value,
the correlations can be considered to be due to statistical fluctuations.

This result, found in many other bacteria (not shown),
clearly challenges the validity of the assumption of
homogeneity in bacteria beyond the size of genes. Actually
the value of Cð‘Þ at the collapsing length, and therefore
where the influence of genes disappear, can be considered to
be a measure of the heterogeneity in a given bacterial
genome.
Another question, widely debated in recent years, is
whether long-range power-law correlations exist in prokaryotic genomes. The literature is inconclusive since,
depending on the method considered, all possible results
can be found: the lack of power-law correlations in
prokaryotes (Bernaola-Galván et al., 1996; Buldyrev et al.,
1995; Peng et al., 1992, 1994), the existence of power-law
correlations covering all sizes in all prokaryotes (Yu et al.,
2001b) and the existence of intervals in which the
correlations follow a power-law only in certain intervals
of lengths and in certain organisms (de Sousa Vieira, 1999;
Mohanty and Narayana Rao, 2000; Audit et al., 2001; Yu
et al., 2001a).
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Here, we find that, in general, the correlations are longranged in the sense that Cð‘Þ – 0 for large values of ‘ but,
in terms of the raw data, Cð‘Þ does not seem to follow a
power-law but an exponential decay. Nevertheless studying
the correlations averaging the behaviour for distances which
are multiples of 3 and non-multiples of 3 in some cases, we
find that Cð‘Þ can be well fitted by a power-law decay (see
Fig. 5b). The sequences for which we find a power-law
behaviour (not shown) agree well with the results presented
in de de Sousa Vieira (1999), although the distance ranges
are not exactly the same.
Note in Fig. 5b that throughout most of the region in
which the average of Cð‘Þ can be fitted by a power law, the
values of the average differ from the values at distances
which are multiple of 3. This fact makes the explanation of
these correlations plausible in terms of non-uniform
distribution of base composition at the codon positions. In
fact, B. subtilis has coding regions with sizes of up to 15,000
bp. Nevertheless, for ‘ between 103 and 105 this difference
is not very large and, in any case, much smaller than the
value of the correlation itself. In this range, additionally to
the influence of non-uniform distribution of base composition at the codon positions, the 537 genes clustered in
several A þ T-rich islands scattered along the chromosome,
coming from lateral transfer, may also help explain the
long-range correlations found in this genome. Nevertheless,
the question which arises is whether or not this behaviour
results from a true scale invariance in the sequence or is
simply an artefact of the averaging procedure.
With respect to the RY mapping rule, the results are
qualitatively similar, although the autocorrelation function
significantly differs from zero up to lengths close to 1 Mb. In
this case, there is a clear explanation: the great difference in
the asymmetry and coding content between the two

Fig. 6. Autocorrelation function vs. ‘ using the RY mapping rule for the
longest contigs of human chromosomes 20 (NT_011362.4, 24,982,240 bp),
21 (NT_011512.3, 28,515,322 bp) and 22 (NT_011520.6, 22,963,592 bp).
The solid line corresponds to a power-law decay with the exponent
observed in (Peng et al., 1994) using DFA. The value of the statistical
fluctuations, DC, is marked with a dotted line. Below this value, the
correlations can be considered to be due to statistical fluctuations.
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replichores of B. subtilis (Carpena et al., 2002; Li et al.,
2002).
3.2. Human DNA
One of the most striking results presented in the same
year by several authors (Li and Kaneko, 1992; Peng et al.,
1992; Voss, 1992) was the existence of long-range powerlaw correlations in human DNA sequences, indicating the
presence of scale-invariant structure covering lengths close
to the whole sequence length. It is important to note that the
longest sequences available at that time were around 100 kb
in length and the observed correlations spread over
distances of tens of kb (Peng et al., 1994). Despite the
controversy concerning the presence of these correlations in
other organisms and their presence only in non-coding DNA
or in all human DNA (Arneodo et al., 1998; Buldyrev et al.,
1995; Voss, 1994), now such correlations in human DNA
are commonly-accepted.
Using the RY mapping rule to compute Cð‘Þ, we find
similar behaviour for all human contigs analysed (Fig. 6):
(a) the absence of two branches for multiples and nonmultiples of 3, due to the small proportion of coding regions
(Lander et al., 2001; Venter et al., 2001); (b) a region that
can be fitted to a power-law decay in the range ‘ , ‘ , 104
with similar exponents in all contigs analysed; and (c) after
this region the correlations reach noise level.
The finding of power-law correlations in the range ‘ ,
‘ , 104 (also found by Holste et al., 2001, for chromosome
22) agrees with the results previously reported using DFA,
as shown in Fig. 6, where we show a power law with the
exponent found in Peng et al. (1994) for the human
sequence HUMTCRADCV (human T-cell receptor alpha/
delta locus, 97,634 bp).5 Nevertheless, these correlations do
not extend to sizes comparable to the whole size of the
chromosome as was believed when the longest human
sequences available were only a few tens of kb in length.
With respect to the correlations found using the SW
mapping rule, the main features are: (a) again, the absence
of two branches due to the small proportion of coding DNA
in these sequences (Lander et al., 2001; Venter et al., 2001);
(b) noisy behaviour at short scales (‘ , 200 – 300 bp); and
(c) the persistence of correlations for lengths which in many
cases are greater than 1 Mb.
This fact implies the existence of inhomogeneities of
sizes which can surpass even 1 Mbp. As a first approximation, we can estimate the differences in G þ C content
between such DNA fragments using Eq. (5). For example,
for the longest contig of human chromosome 22 (Fig. 7), we
find a characteristic difference in G þ C content of around
6% between fragments of sizes around 300 kb. Both the
characteristic size of the greater fragments as well as their
5

The exponent used by Peng et al. (1994) to charcterize the correlations,
a, differs from the exponent of the power-law decay used here, g, but they
are related to the formula g ¼ 2ð1 2 aÞ.

difference in composition agree with the values commonly
accepted for isochores (Bernardi et al., 1985). It is
noteworthy that two conflicting views currently exist on
isochores. Although originally described as ‘fairly homogeneous regions’ (Bernardi, 2001; Cuny et al., 1981),
isochores have recently been identified with random
uncorrelated sequence regions (Häring and Kypr, 2001;
Lander et al., 2001; Nekrutenko and Li, 2000). While a
certain level of internal heterogeneity is accepted under the
first definition, only statistical fluctuations below the
standard deviation are permitted under the second, i.e. strict
concept of isochores. As shown below, our results support
the first view, in agreement with other authors using
different techniques (Bernardi, 2001; Clay and Bernardi,
2001; Li, 2001).
Fig. 7 shows that Cð‘Þ can be well fitted by a power-law
decay for more than five decades and thus the sequence
presents scale invariance, at least for this range of sizes: we
can find heterogeneity at all scales and we have no ‘special’
or characteristic scale. This picture does not seem to agree
with the presence of isochores, nor with either of the two
above-mentioned definitions for isochores. The presence of
power-law correlations for more than five decades in the
sequence of human chromosome 22 has also been found
recently using the mutual information function as the
measure of the correlations (Holste et al., 2001).
Nevertheless, among all human contigs analysed the
behaviour in human chromosome 22 is a clear exception. A
fairly typical plot of Cð‘Þ vs. ‘ is in Fig. 8 for the longest
contig of human chromosome 21 and in Fig. 9 for the
longest contig of human chromosome 20. In general, we find
two regions in Cð‘Þ: a power-law decay in the range 1 #
‘ # ‘0 < 1000 bp and a second region for ‘0 , ‘ , ‘max,
‘max being different for each contig. This second region can
also be fitted to a power law with an exponent usually
smaller than that in the first region, although the possibility

Fig. 7. Autocorrelation function vs. ‘ using the SW mapping rule for the
longest contig of human chromosome 22 (NT_011520.6, 22,963,592 bp).
Solid line: fit to a power law of the data in the range 1 # ‘ # 3 £ 105
(slope ¼ 20:248).
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Fig. 8. Autocorrelation function vs. ‘ using the SW mapping rule for the
longest contig of human chromosome 21 (NT_011512.3, 28,515,322 bp).
Solid line: fit to a power law of the data in the range 103 , ‘ , 5 £ 106
(slope ¼ 20:103). Dotted line: fit to a power law of the data in the range
1 , ‘ , 103 (slope ¼ 20:319)

of fitting this second region to stretched exponentials or
even to linear functions (see Eq. (4)) must be taken into
account. In fact, in several cases (e.g. Fig. 8), this second
regime is an almost flat plateau followed by a sharp bend,
which clearly resembles the one in Fig. 1b.
This picture is more likely to correspond to the presence
of long regions with different composition, relatively
homogeneous above a certain scale (‘0), i.e. fairly
homogeneous isochores. If we had long perfectly homogeneous regions (as the strict isochore model proposes), as
those discussed in Section 2.2, we would have a plot similar
to that of Figs. 1 or 2, i.e. a flat plateau starting from ‘ ¼ 1.
However, the steeper slope found for ‘ , ‘0 indicates a
relative increase of heterogeneities at short distances that
has been explained in terms of repetitive DNA (Holste et al.,
2001). In addition, the length up to which the correlations
extend in each contig, ‘max, is related to the size of the
largest isochore found in each contig (Oliver et al., 2002).
The fact that the second regime can be considered to be a
power law, instead of a flat plateau, can be attributed to the
presence of a broad distribution of long homogeneous
regions: lognormal or stretched exponential distribution
(Oliver et al., 2001, 2002).
Now, coming back to Fig. 7, the single power-law
covering the whole range implies that, in this case, there is
not a clear distinction between both, long and short-range
regimes making even more difficult the identification of
strict isochores. The longest, GC-rich contig of chromosome
22 is probably unrepresentative of the GC distribution of the
human genome, as it lacks GC-poor DNA and shows a
strikingly variegated compositional structure mainly composed of the heaviest (H2, H3) isochores (Bernardi, 2001;
Oliver et al., 2001; Pavlicek et al., 2002). Although is
doubtful that this contig can be viewed as characteristic of
the neogenome (GC rich DNA) which is usually alternating
with GC-poorer DNA from the paleogenome along
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chromosomes (Bernardi, 1989, 2000), its GC richness
indicates that it probably belong to the more modern part
of the genome appeared along the evolutionary process. If
so, scale independence may be a recent acquisition in
evolution. The human genome may be thus viewed as
composed by an ancestral, short-range correlated part (the
paleogenome), derived from cold-blooded vertebrates, and a
more recent part, typical of warm-blooded vertebrates,
displaying long-range correlations and scale independence
(the neogenome). Probably it will be difficult to find many
regions with the scale-invariance properties of chromosome
22 because, although GC-rich regions show this property, it
is very unlikely to find long GC regions uninterrupted by
GC-poor regions.
Using the single-letter rules (A, T, C and G), we found
Cð‘Þ profiles practically identical for A and T on the one
hand and also practically identical for C and G on the other.
However, in all four cases, Cð‘Þ resembles what we find
with the SW mapping rule (not shown) and, therefore
clearly differs from what we find with the RY mapping rule.
This could be the origin of the controversy between Peng
and co-workers and Voss (Buldyrev et al., 1993a; Voss,
1993): that is, whereas the former use the analysis of
variance with the RY mapping rule, the latter uses the
power-spectrum analysis with the four single letter rules.

4. Conclusion
We have shown that the study of correlations in DNA
sequences using direct measures is now possible thanks to
the availability of large sequences of many organisms and
thus, many of the drawbacks of previous indirect measures
can be overcome. The autocorrelation function, Cð‘Þ, does
not require homogeneity for its applicability to DNA
sequences and, in addition, Cð‘Þ can be used as a measure
of compositional heterogeneity which is considered to be a

Fig. 9. Autocorrelation function vs. ‘ using the SW mapping rule for the
longest contig of human chromosome 20 (NT_011362.4, 24,982,240 bp).
Solid line: fit to a power law of the data in the range 103 , ‘ , 106
(slope ¼ 20:229). Dotted line: fit to a power law of the data in the range
1 , ‘ , 103 (slope ¼ 20 : 317).
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relevant feature of DNA sequences and is closely related to
the existence of power-law correlations (Bernaola-Galván
et al., 1996; Buldyrev et al., 1993a; Li, 1997; Román-Roldán et al., 1998).
The plots of Cð‘Þ for prokaryotic genomes show that, at
short scales (below the characteristic size of genes)
correlations are dominated by the non-uniform base
composition in the three codon positions. At larger scales
we observe both behaviours, genomes for which Cð‘Þ
almost vanishes (e.g. M. tuberculosis ) and genomes for
which Cð‘Þ is significantly different from zero in a broad
range of sizes (e.g. B. subtilis ). In the former, the behaviour
beyond the characteristic size of genes is similar to what
could be observed in a random sequence, thus implying that
these genomes are essentially homogeneous at large scales
(a commonly accepted idea, Rolfe and Meselson, 1959;
Sueoka, 1959). Nevertheless, the latter class of prokaryotic
genomes presents correlations implying the presence of
heterogeneities that cannot be explained in terms of nonuniform base composition in the three codon positions and
could be related to a massive lateral transfer of compositionally biased genes from other genomes or even to natural
selection. In addition, we observe power-law correlations in
these genomes which, in some cases extend to more than
four orders of magnitude, in agreement with previous results
(de Sousa Vieira, 1999). Thus, the results obtained for such
genomes clearly questions the assumption of homogeneity
in prokaryotic DNA.
For human DNA, we have observed that Cð‘Þ, when
computed with the RY mapping rule, shows power-law
correlations over four orders of magnitude with exponents
which are consistent with previous results obtained analysing short sequences (Peng et al., 1994). The size of the
analysed sequences (more than 20 Mb) ensures that the fact
that these correlations do not extend beyond 10 4 bp is not
due to finite size effects.
With respect to Cð‘Þ computed with the SW mapping
rule, we show that the finding of power-law correlations in
more than five orders of magnitude in the sequence of
chromosome 22 (Holste et al., 2001) is not the common
behaviour among the human contigs analysed. The presence
of a scale-invariant structure in this chromosome indicated
that it probably belongs to the ‘neogenome’ (Bernardi,
1989, 2000), the more modern part of the genome appearing
along the evolutionary process. The behaviour observed in
the rest of contigs analysed is compatible with the presence
of isochores, long regions with different composition, and
‘fairly homogeneous’, in the sense that these regions are
homogeneous only above a certain scale (Bernardi, 2001;
Cuny et al., 1981).
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